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Abstract

A reliable image simulation procedure for transmis-
sion (TEM) and scanning transmission (STEM) electron
microscopic images must take into account plural elastic
scattering, inelastic scattering and thermal diffuse scattering.
The intensity of the simulated images depends strongly on
the elastic scattering amplitude and the models chosen to
describe inelastic and thermal diffuse scattering. Our
improved image simulation procedure utilizes the approxima-
tion proposed by Weickenmeier and Kohl for the elastic
scattering amplitude instead of the Doyle-Turner approx-
imation. Thermal diffuse scattering is treated in terms of the
Einstein model. In this paper, simulated TEM diffraction
patterns and high-angle annular dark-field (HAADF) STEM
images of thick crystals of silicon are used to demonstrate
the influence of plural elastic and thermal diffuse scattering
on the image formation. The comparison of calculated TEM
diffraction patterns using the two different approximations
for the elastic scattering amplitude shows that the use of
the Doyle-Turner approximation results in a smaller image
intensity in the range of large scattering angles. Simulated
HAADF STEM images for different thicknesses of a silicon
crystal show strong influence of the dynamical calculation
on image formation for thick specimens. In this case a theory
fails which describes the image formation process by a
simple convolution of a probe function with an object
function.
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Introduction

In the past, several attempts have been made to
include thermal diffuse scattering and inelastic scattering
into the theory of image formation in electron microscopy.
The approaches of Rose (1984), Wang (1995) and Dinges et
al. (1995) are based on the multislice formalism (Cowley and
Moodie, 1957) which allows the calculation of inelastically
filtered images for transmission (TEM) and scanning
transmission (STEM) electron microscopy. Allen and
Roussow (1993) proposed an ansatz using the Bloch wave
formalism.

Thermal diffuse scattering has been included into
an image simulation procedure for the first time by Xu et al.
(1990). The authors introduced the so-called frozen lattice
model. This model is based on the approximation that the
time for the electron to pass through the object is much
smaller than the vibration period of the atoms. Therefore,
each electron interacts with another configuration of the
atoms. To obtain the resulting intensities one must add up
the image intensity of all partial images resulting from the
different configurations of the atoms. The calculation of
such an image is very simple: one performs several multislice
calculations for different configurations of the atoms and
sums up the resulting images incoherently. The individual
lattice configurations can be obtained by assuming simple
models for the atomic vibrations, e.g., the Einstein model.

In our previous paper (Dinges et al., 1995) we have
described another possibility for the calculation of images
which considers plural elastic scattering, inelastic scattering
and thermal diffuse scattering. We have shown that the
averaging over the different configurations of atoms can be
performed semi-analytically if the Einstein model is applied.
This model assumes that each atom oscillates independently
along the three coordinate axes. Our calculations result in
transmission functions which can be used for the multislice
formalism.

In the following, we refer to our image simulation
program (Dinges et al., 1995). In the second (theoretical)
section it will be shown that the use of the Weickenmeier-
Kohl approximation (Weickenmeier and Kohl, 1991) for the
elastic scattering amplitude allows the calculation of
analytical  expressions which  describe thermal diffuse
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scattering. In the third section the working scheme of our
image simulation procedure is explained using a simple exam-
ple. In the forth section the new analytical expressions are
applied to the image simulation. First, a simulated TEM
diffraction pattern of a 50 nm thick crystal of silicon is
compared with a previously published image (Dinges and
Rose, 1996). Then the influence of thermal diffuse scattering
on HAADF STEM images is discussed. The results of our
image simulation procedure are compared with those
obtained by Hillyard and Silcox (1995) using the frozen lattice
approximation and the Einstein model. In addition the
influence of crystal thickness on the image intensity in
HAAD STEM images is discussed in detail. The main results
of the paper are summarized in the fifth section.

Theory Based on Improved Scattering Amplitudes

In our previous work (Dinges et al., 1995; Dinges
and Rose, 1996) we employed the Doyle-Turner approx-
imation for the electron scattering amplitude. In this case
the scattering amplitude is given as the sum of four Gauss
functions:
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where K denotes the scattering vector and A
i
 and B

i
 are

constants tabled by Doyle and Turner (1968) and Smith and
Burge (1962). Unfortunately, this fit is only valid in the range

of scattering vectors up to K < 4π⋅2Å-1. The calculation of
diffraction patterns of thick crystalline specimens which
employs this approximation underestimates high-angle
scattering and, therefore, leads to erroneous intensities for
the diffraction spots (Fox et al., 1989; Bird and King 1990;
Weickenmeier and Kohl, 1991).

This approximation has also been used to obtain
analytical expressions for phonon scattering. In this case
the correct structure of the phonon background in the
diffraction patterns is obtained because this structure is
largely determined by the symmetry of the crystalline
specimen. Nevertheless, the absolute intensity of the
phonon background is still underestimated.

In the past several routines have been developed
(Fox et al., 1989; Bird and King, 1990; Weickenmeier and
Kohl, 1991) which approximate the elastic scattering
amplitude in the full range up to K < 4π⋅6Å-1 tabled by
Doyle and Turner (1968). Here we will show that the
improved approximation for the elastic scattering amplitude

given by Weickenmeier and Kohl (1991) yields analytical
expressions for the phonon transmission functions.

An appropriate starting point for the calculation of
the improved transmission function of a thin slice is the
mutual dynamic object transparency (MDOT) M( , ′) which
can be written (Dinges et al., 1995) as

Figure 1. Simulation of images considering single thermal diffuse scattering and plural elastic scattering. Elastic scattering
events occur in the blank slices. Thermal diffuse scattering events occur in the hatched slices. A detailed descriction is given
in the section on “Modified Multislice Formalism”.
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The transmission functions T and T(ab) are defined as

where

is the thermally averaged phase shift,

the phonon term and

the absorption potential. The mean square vibration
amplitude of the i-th atom is denoted by u

i
2. The trans-

mission function T(ab)( ) considers the effect of phonon
scattering only by means of an absorption potential. This
incomplete approximation merely results in a damping of
the image intensity. By employing this transmission
function for the simulation of TEM diffraction patterns, one
only obtains a slight change in the intensities of the
diffraction spots, yet never a diffuse background. To obtain
the diffuse background the term µ

11
(ph) ( , ′) T( )T*( ′) must

be incorporated in the image simulation. It has been shown
previously (Dinges et al., 1995) that an appropriate
factorization of µ

11
(ph) ( , ′) is possible. In this case the well-

known multislice formalism (Cowley and Moodie, 1957) can
be applied for the image simulation. The factorization can

Figure 2. Calculated background diffraction pattern
of Si in <111>-orientation caused by thermal diffuse
scattering employing the improved Weickenmeier-
Kohl approximation for the scattering amplitude.
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be written as a sum of products. Each product consists of
two factors, one is a function of , the other a function of ′.
Reducing the sum of products to a sum of factors multiplied
by an additional random phase factor leads to the phonon
transmission function. Multiplying this function with its
conjugate complex and averaging over the random phase
factors results in the MDOT for a thin slice.

Rewriting the elastic scattering amplitude
(Weickenmeier and Kohl, 1991) as

shows that this approximation can be expressed as a sum of
integrals over exponential functions with K2 as parameter.
Therefore, the formulae given in our first paper (Dinges et
al., 1995) can be applied, where the constants A

i
 must be

replaced by 
i
 and the additional integrations over B

i
 must

be performed in all corresponding formulae.
Performing this integration for 〈χ〉  results in

The function E
1
(x) in the last expression denotes the integral

logarithm

The somewhat lengthy calculation of the phonon trans-
mission function leads to

and

The details of the calculation and the absorption potential
µ

2
(ph) ( ) are given in Appendix A. We obtain two

transmission functions because the last term in Equation
(24) (Appendix A) contains a negative sign. To determine
the image including phonon scattered electrons, the
improved multislice formalism must be used three times:
First, one has to calculate the image by considering plural
elastic scattering and phonon scattering by means of the

Figure 3. Linescans across the two diffraction patterns
shown in Figure 2; the curve (---) corresponds to Figure 2a,
the curve (- - -) to Figure 2b.
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absorption potential. In the next step a partial image is
calculated using the phonon transmission function T(ph1).
The third step determines the “negative” partial image by
means of the second phonon transmission function T(ph2).
This image must be subtracted from the other two images
because of the negative sign in Equation (24).

Modified Multislice Formalism

In the following discussion we restrict ourself to
plural elastic scattering and thermal diffuse scattering.
Inelastic scattering is not taken into account. Nevertheless,
for a complete description of the image formation process
inelastic scattering should not be neglected.

In the previous section thermal diffuse scattering
has been considered by applying the Einstein model. This
model describes each atom as an independent oscillator
along the three coordinate axes. Therefore, scattered
electron waves originating from thermal diffuse scattering
processes at different atoms must be superimposed
incoherently. In contrast scattered electron waves resulting
from elastic scattering must be superimposed coherently.
In the previous section we have calculated transmission
functions which describe elastic scattering and thermal
diffuse scattering. These transmission functions are applied
to simulate images. The calculation has shown that it is
necessary to divide the simulation process into two steps:

In the first step an image calculation is performed
which takes into account plural elastic scattering and thermal
diffuse scattering by means of an absorption potential. The
absorption potential describes the influence of an (imaginary)
energy filter which removes the thermal diffuse scattered
electrons from the electron beam. Therefore, the resulting
image intensity is damped in comparison to the intensity of
an image which has been calculated considering only plural
elastic scattering. This image is obtained by performing a
well-known multislice calculation.

In the second step an image is calculated with the
modified multislice formalism. Every electron wave which
contributes to this image has performed at least one thermal
diffuse scattering process. In this case an energy filter
eliminates all purely elastically scattered electrons from the
beam. As mentioned above the scattered waves stemming
from thermal diffuse scattering processes at different atoms
must be superimposed incoherently. Figure 3 shows the
working scheme for the calculation of the “inelastic” image.
In this example we consider an object divided in four slices.
There should be no empty slice. For a proper calculation
taking into account plural elastic scattering and single
thermal diffuse scattering one has to perform several
multislice calculations. Thermal diffuse scattering occurs
with equal probability in one of the four slices, because the
mean free path length is large compared to the entire

thickness of the object. If each slice contains only one atom
the calculation of the second step image is finished after
performing the four cases for scattering events depicted in
Figure 3. Normally, there are several atoms in each slice. In
this case the scattered waves stemming from thermal dif-
fuse scattering processes at different atoms must be
superimposed incoherently. To ensure this incoherent
superposition of the inelastically scattered waves emanating
from the atoms of the first slice, a multislice formalism must
be performed for each atom in the first slice using the
phonon transmission function for this slice and the elastic
transmission function for the other three slices.
Subsequently the images intensities obtained from each of
these calculations must be superimposed. The same
procedure occurs for thermal diffuse scattering in the other
three slices. Therefore, one has to perform Σ

n
 i

n
 multislice

calculations to obtain the image. The index n denotes the
slice, in which thermal diffuse scattering occurs, the symbol
i indicates the number of atoms in this slice.

Since one deals with thick objects consisting of a
large number of atoms in a unit cell, one can use a trick to
reduce the calculation time. By introducing statistical phases
it is possible to calculate images considering thermal diffuse
scattering and plural elastic scattering rather fast. Assuming
that thermal diffuse scattering occurs in the first slice one
has to multiply the corresponding scattered waves with
random phase factors. After performing a few number of
multislice calculations with different sets of statistical
phases, the interference terms between waves emanating
from different atoms cancel out in the averaged image.

The frozen lattice model can also be applied for our
model. In this case one has to perform the multislice
calculations by using different configurations of the atoms
in each of the four slices where thermal diffuse scattering
occurs. Therefore the calculation time is comparable for the
two models.

Image Simulation

In the following simulated TEM diffraction patterns
are used to demonstrate the differences in the image
intensity resulting from the chosen approximation for the
elastic scattering amplitude.

To investigate the influence of phonon scattering
on HAADF STEM images of thick crystalline objects,
linescans through such images for a 20 nm thick crystal of
silicon in <110>-orientation have been calculated. By
employing the imaging conditions chosen by Hillyard and
Silcox (1995), we can compare the results of our simulation
with their results which are based on the frozen phonon
approximation.

By varying the specimen thickness for distinct probe
positions, we can roughly determine the fraction of image
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intensity which stems from thermal diffuse scattering as a
function of thickness.

Simulation of TEM diffraction patterns

Simulated TEM diffraction patterns of a simple
crystalline object are well suited for demonstrating the
differences in image intensity which result from the use of
different approximations for the scattering amplitude. The
calculations have been performed for a 50nm thick crystal
of silicon in <111>-orientation and a 100kV TEM. A 9 x 9
supercell of Si <111> with a = 1.99 nm, b = 1.99 nm, c = 0.939
nm, α = β = π/2 and γ = π/3 has been assumed. The multislice
calculations have been performed on a 512 x 512 matrix
choosing a slice thickness c/3 for purely elastic scattering.
For slices with single thermally diffuse scattering the thick-
ness c was chosen. The diffraction patterns presented in
Figure 2 have been obtained after averaging over ten
different sets of statistical phases.

Figure 2 shows the background caused by thermal
diffuse scattering taking into account only single thermal
diffuse scattering and plural elastic scattering. Figure 2a
has been obtained by applying the Doyle-Turner Gaussian
fit for the elastic scattering amplitude, while Figure 2b
represents the image calculated with the scattering amplitude
given by Weickenmeier and Kohl (1991). The two images,
when displayed with the same gray scales, do not differ
significantly from each other. But nevertheless, there are
differences, as shown in Figure 3. By taking linescans from
the top left edge to the bottom right edge, the differences
become clearly visible. Especially for large scattering angles
the use of the Doyle-Turner Gaussian fit results in small

image intensities, while those obtained by the Weickenmeier-
Kohl approximation are significantly larger. This effect can
be explained by the different asymptotic behaviour of the
two approximations. The result for the Doyle-Turner fit de-
creases faster for large scattering angles than that for the
approximation of Weickenmeier and Kohl which yields the
correct asymptotic behaviour.

Simulation of HAADF STEM images

Hillyard and Silcox (1995) assumed a 100 kV STEM
with C

s
 = 0.05 mm, ∆f = 13.6 nm and an aperture angle θ

0
 = 23

mrad. These parameters yield a probe size of approximately
0.1 nm. Therefore, the atoms of the dumbbells in the <110>-
projection of silicon (Fig. 4) are resolved. For our calculations
we assume a 8 x 6 supercell with a = 3.072 nm, b = 3.264 nm
and c = 0.384 nm. This cell is sampled on a 512 x 512 matrix.
According to the distance between the two planes in which
the atoms in the supercell are lying, a minimum slice
thickness of 0.192 nm has been chosen for the multislice
calculations. All images have been calculated by choosing
a slice thickness of 4 x 0.192 nm for the slices in which
thermal diffuse scattering occurs. A thickness of 0.192 nm
has been chosen for slices which contain solely elastic
scattering events.

An annular detector with limiting angles θ
out

 = 4θ
in
,

θ
in
 = 50 mrad has been assumed. Thermal diffuse scattering

is considered by using the Einstein model with a mean
vibration amplitude u

Si
 = 7.6 pm.

Figure 5a shows linescans taken from images of a
19.2 nm thick crystal which are obtained by considering
only elastic scattering (——), incorporating the effect of
thermal diffuse scattering by means of an absorption
potential (⋅⋅⋅⋅) and assuming plural elastic scattering plus
single thermal diffuse scattering (----). The calculations have
shown that the average taken over three different sets of
statistical phases leads already to reliable results. The use
of more sets of statistical phases require larger computation
times yet changes the calculated intensities by no more
than 3%.

Figure 5b shows the scaled image intensities ob-
tained by considering only plural elastic scattering (----)
and by taking into account, in addition, thermal diffuse
scattering (——).

The scaling factor has been chosen as the ratio
between the mean image intensities of the two images. The
comparison reveals that for the given position of the probe
and detector geometry the image intensity decreases if
thermal diffuse scattering is considered. This result is in
good agreement with the result obtained by Hillyard and
Silcox (1995). Their calculations are based on the frozen
phonon approximation. The comparison between the
absolute values of the intensity plots of Figure 10d in the
paper of Hillyard and Silcox (1995) with those of Figure 5b
leads to an additional scaling factor.

Figure 4. Si in <ll0>-orientation. The atoms located in the
plane c = 0.192 nm are drawn black, the atoms marked white
are positioned in the plane c = 0 nm. The dashed line marks
the linescans depicted in Figure 5. The two crosses indicate
the probe positions for the thickness series presented in
Figure 6.
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Calculations based on the frozen phonon approxi-
mation are not restricted to single thermal diffuse scatter-
ing. In contrast our calculations are based on the assumption
of single thermal diffuse scattering. Since the two methods
produce identical results, the assumption of only single
thermal diffuse scattering processes is justified for most
object thicknesses used in practice.

The fact that we need two partial images to obtain

the total HAADF STEM image allows us to estimate the
fraction of the image intensity which stems from thermal
diffuse scattering. Figure 6 shows calculated thickness
series for the two positions marked in Figure 4. The
calculations have been performed for the imaging conditions
described above. The figure clearly demonstrates that the
fraction of the image intensity that results from plural elas-
tic scattering rapidly decreases with increasing thickness,

Figure 5. Linescans through HAADF STEM images of a 19.2 nm thick crystal of silicon in <110>-orientation. (a) unscaled
image intensities obtained by considering only plural elastic scattering (____), thermal diffuse scattering by means of an
absorption potential (⋅⋅⋅⋅) and single thermal diffuse scattering and plural elastic scattering (----), (b) scaled image intensities
obtained by considering only plural elastic scattering (----) and single thermal diffuse scattering plus plural elastic scattering
(____).

Figure 6. (a) Relative fraction of image intensity resulting from single thermal diffuse scattering and (b) from plural elastic
scattering for the case where the probe is centered on the atom column (----) and where it is located midway between two
adjacent columns (____). Each slice has a thickness of 0.192 nm.
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while the corresponding fraction of image intensity caused
by thermal diffuse scattering shows the opposite behaviour.
At a crystal thickness of 19.2 nm only 10% of the image
intensity results from purely elastic scattering. The curves
for the two different probe positions do not differ
significantly from each other.

The curves depicted in Figure 6 can also be used to
evaluate the column contrast as a function of specimen
thickness. The column contrast is defined as

where I
top

 denotes the intensity when the probe is centered
on top of an atom row and I

between
 is the intensity when the

probe is located at the center of hexagon shown in Figure 4.
The column contrast C resulting from Figure 6 is depicted
in Figure 7. The solid curve describes the correct
consideration of thermal diffuse scattering, while the dashed
curve considers this effect approximately by means of an
absorption potential. In both cases the contrast C decreases
oscillatorily with increasing thickness. Nevertheless, even
for thicker specimens the contrast is large enough to make
the atom columns clearly visible in the image. For
thicknesses larger than about 8 slices the column contrast
C, obtained by including correctly the effect of thermal
diffuse scattering, is always larger than that obtained by

employing merely an absorption potential. The oscillations
are present over the entire range of thickness. They are
produced by interference effects and may serve as a measure
for the “degree of coherence” of the detected signal. This
“degree of coherence” strongly depends on the chosen
detector geometry since it determines the fraction of the
elastically scattered electrons which contributes to the
signal. Experimentally the “degree of coherence” of the
signal can be obtained relatively easily by means of a wedge-
shaped Si crystal.

Conclusion

The use of the Doyle-Turner Gaussian fit for the
elastic scattering amplitude underestimates scattering in
high angles and predicts, therefore, smaller intensities in
the outer regions of diffraction patterns. The implementation
of the modified formulae in our program allows a more
accurate simulation of filtered and unfiltered diffraction
patterns.

Furthermore, we have shown that the results of our
HAADF STEM image simulations which consider only
single thermal diffuse scattering are in good agreement with
calculations of Hillyard and Silcox (1995) who employ the
frozen phonon approximation.

Our calculations of thickness series for special probe
positions on a Si crystal in <ll0>-orientation demonstrate
that approximately 90% of the intensity in HAADF STEM
results from thermal diffuse scattering if the object thickness
is larger than about 10 nm.
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Appendix A

The evaluation of µ
11

(Ph) ( , ′)
i
 by means of the

Doyle-Turner approximation has been outlined (Dinges et

al., 1995). Replacing the constants Aµ by the constants µ
and adding the two integrations over Bµ and B

v
 leads to

µ
11

(Ph)( , ′) in terms of the elastic scattering amplitude given
by Weickenmeier and Kohl (1991):

Figure 7. Column contrast C as a function of specimen
thickness. The solid curve has been calculated by
considering correctly single thermal diffuse scattering plus
plural elastic scattering. The dashed curve has been obtained
from images which have been calculated assuming plural
elastic scattering and considering thermal diffuse scattering
only by means of an absorption potential. Each slice has a
thickness of 0.192 nm.

(15)
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With the abbreviations Gµ = Bµ+u
i
2/4, G

v
 = B

v
 + u

i
2/4 and the

subsitutions -
i0
→ , ′-

i0
 → ′, u

i
2/4 = x, Equation (16) is

rewritten as

In the following only the first term of Equation 17

is evaluated, because this term is not given as a sum of
products, where the factors are only functions of  or ′.
Since x is small compared to unity, f(x) can be expanded in
a Taylor series

where f(i) (0) denotes the i-th derivative at x = 0 and R(x) is
the residual term.

The evaluation of the first two derivatives at x = 0
yields the expressions

By inserting these relations into Equation (20) and
considering dB

v
 = dG

v
, we can approximately rewrite

Equation (17) as follows:

The integration over G
v
 can readily be performed.

The subsequent integration over the variable Gµ yields the
analytical expressions

(16)

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)
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by means of which the function (24) can be expressed. The
result leads to the two phonon transmission functions given
in Equations (13) and (14). The necessity for two
transmission functions is a consequence of the negative
sign of the last term in Equation (24).

In the special case  = ′ we obtain the absorption

potential µ
2
(ph) ( ) = µ

11
(ph) ( ′ = ).

By neglecting the term f(2)(0)x2/2, we derive the dipole
approximation of phonon scattering. In this case only a
single transmission function exists.
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